In this paper, component-mode-based implementations of Monte Carlo simulation (MCS) are presented for efficient probabilistic vibration analysis of complex structures with parameter uncertainties. First, a substructuring technique is used to generate reduced-order models of low-to mid-frequency vibration and power flow. The reduced-order model (ROM) is generated using component mode synthesis of finite element models, followed by a secondary modal analysis to reduce the number of degrees of freedom associated with the substructure interfaces. This formulation allows for efficient and accurate prediction of vibration transmission in complex structural systems. Then, the response is approximated over an uncertainty space to study the statistics of the power flow for a structure with parametric uncertainties. Two MCS techniques that employ first-order approximations of the ROMs are presented: (1) a nominal-ROM-based MCS for a case with many component-mode interactions over the uncertainty space, and (2) a mode-based MCS for a case with a few component-mode interactions. An iterative maximum search procedure is presented, which is used to find the upper bound of the power flow at a specific frequency. For the second MCS approach, this iterative procedure is also extended to yield various statistical properties of the response in addition to the upper bound. These statistical approximations of vibration power flow are demonstrated for two example structures, a reinforced L-shaped plate and a stiffened plate.
I. Introduction
A manufactured product always has some parameter uncertainties due to tolerances, material property variations, in-service degradation, etc. The variability that is inherent in manufacturing and assembling parts produces a consequent variability in the dynamic response, and the vibration of a complex structure can be especially sensitive to such parameter variations. Thus, before manufacturing the product, it is desirable to be able to predict the variability of the dynamic behavior of the structure.
A general statistical approach based on finite element (FE) modeling is to use the Monte Carlo simulation technique to evaluate the statistical characteristics of the vibration response. While this approach is versatile and accurate, it may incur prohibitive computational cost for complex structures. To develop a more efficient approach, three steps can be considered as follows: (1) generate a reduced-order model (ROM) for a deterministic analysis, (2) employ a simplified model over an uncertainty space, and (3) apply a probabilistic analysis method.
Regarding the first step, various methods for generating a ROM for structural vibration analysis, based on a parent FE model, have been developed using substructuring techniques. [1] [2] [3] [4] [5] This type of ROM provides a convenient framework for both optimization and probabilistic analysis with respect to parametric uncertainties. Regarding the second step, the probabilistic analysis can be expedited by using a simplified model over an uncertainty space (e.g., a response surface method, 6, 7 a perturbation method, 8, 9 etc.). Finally, a specific probabilistic analysis method needs to be applied. Some choices are summarized as follows: (1) sampling methods, such as a standard Monte Carlo method 10 and various Latin Hypercube designs; 11, 12 (2) most probable point (MPP)-based methods, such as the advanced mean value (AMV) method, 13, 14 the hybrid mean value (HMV) method, 15 and the sequential MPP search method; 16, 17 and (3) hybrid sampling methods utilizing the MPP, such as an importance sampling method, 18 a radius-based importance sampling method, 19 or an adaptive importance sampling method. 20 The objective of this paper is to present an efficient technique using a simplified model integrated with the ROM over an uncertainty space, in order to expedite a probabilistic vibration analysis.
In order to obtain a simplified mathematical model, the response surface method has been extensively studied and utilized for optimization, reliability analysis, and probabilistic analysis. It is known that the response surface method depends on the locations and numbers of the sampling points, and it requires that one ROM be constructed for each sampling point over an uncertainty space. To alleviate the sensitivity of the positions of the sampling points around the resonances of the structural vibration, a locally linear interpolation (LLI) method has been proposed, 17, 21 and it was shown to have greater efficiency with less sensitivity of the positions of the sampling points compared to a response surface method employing the radial based function. 17, 21 However, it was also found that the efficiency of the LLI method decreases as the number of random variables increases. As for the perturbation method, it has been widely studied and employed for cases where a random system equation is replaced with a theoretically infinite number of deterministic system equations. In reality, there is a restriction of the small variance of the uncertainties for a few terms of the infinite series.
In this paper, vibration power flow analysis based on component mode synthesis (CMS) and characteristic constraint (CC) modes 5, 22-24 is applied to study structures with uncertainties. The finite element (FE) model of the full structure is divided into separate component FE models, and a fixed-interface CMS approach 1 is adopted. Then, secondary modal analysis is used to further reduce the size of the CMS model. For the purpose of performing power flow analysis, this secondary modal analysis is applied to the interfaces between components. More specifically, an eigenanalysis is performed on the constraint mode partitions of the CMS mass and stiffness matrices, yielding the CC modes. The CC modes may then be selected to reduce the degrees of freedom (DOF) for the component interfaces, yielding a reduced-order model (ROM). Thus, a deterministic vibration analysis can be done efficiently with the ROM. Then, for probabilistic vibration analysis, two simplified mathematical models are constructed over an uncertainty space and integrated with a Monte Carlo simulation, yielding statistical properties of vibration power flow. The first approach utilizes a first-order approximation of a full ROM system, and it is called a nominal-ROM-based MCS method. The second approach utilizes a first-order approximation of a ROM system that is diagonalized based on a modal analysis, and the uncertainty space is searched in an iterative manner for the resonance points. This second approach is called a mode-based MCS method.
The contributions of this paper are summarized as follows. First, two first-order approximations of a ROM-using a full ROM system and a diagonalized ROM system-are combined with Monte Carlo simulation to perform probabilistic vibration analysis, and the advantages of each method are demonstrated. Second, an iterative maximum search procedure is presented that provides the upper bound of the vibration response at a specific frequency. Third, the iterative maximum search procedure is extended to the modebased MCS method, which can yield the statistical properties as well as the upper bound of the response. This paper is organized as follows. First, the CC-mode-based reduced-order modeling and power flow analysis techniques are reviewed. Then, the nominal-ROM-based and mode-based MCS methods are described and validated with example structures. Conclusions are given in the final section of the paper.
II. Background
A. Reduced-Order Modeling Based on Characteristic Constraint (CC) Modes
The reduced-order modeling method based on characteristic constraint modes was presented in Ref. 5 , and it is briefly described here. The mass and stiffness matrices from each substructure are first partitioned into the interior submatrices, the interface submatrices, and their coupling submatrices. Then, the Craig-Bampton method of CMS 1 is applied to these substructure matrices, resulting in the mass, stiffness, and force matrices in the constraint-mode degrees of freedom (DOF) and normal-mode DOF as follows:
where the subscript i refers to each substructure. With the matrices Eq. (1) for individual submatrices, a CMS model of the global structure is constructed, and the synthesized CMS mass matrix may be written as
where n ss is the number of substructures contained in the global structure. The component modal matrices, m N i and k N i , are diagonalized and their size equals the number of vibration modes selected for the ith substructure. However, the number of constraint-mode DOF, or the size ofm C andk C , is equal to the number of interface DOF in the FE model. Therefore, while the component partitions are, in general, greatly reduced relative to the parent FE model, there is no reduction for the interface DOF. For large-scale models of a vehicle structure, the size of the CMS model may be dominated by the interface DOF. Therefore, to obtain further order reduction, a secondary modal analysis is performed on the constraint-mode DOF:
These eigenvectors, ψ n , may be expressed in finite element coordinates for component structure i using the following transformation
where are referred to as the characteristic constraint (CC) modes, because they are eigenvectorbased linear combinations of constraint modes that provide a set of characteristic displacement shapes for the interface.
The CMS model can now be transformed to a reduced-order model (ROM) by selecting a truncated set of CC modes for the frequency range of interest, and then using these vectors to project the CMS matrices onto the reduced basis. The equations of motion of the ROM can be expressed by
where η is the structural damping factor and j = √ −1. The mass matrix, M ROM can be explicitly written as
Now, every matrix partition has been reduced by some form of modal analysis. It should be noted that the ROM can be used not only to calculate the vibration response, but also the vibration energy that is transmitted between component structures, which is referred to as the power flow. Using power flow analysis, the energy level of the substructures can be calculated, and the paths of vibration transmission from the source to key response points can be identified.
B. Power Flow Analysis
The power flow analysis requires first solving the system equations of the ROM, Eq. (5). For a time-harmonic excitation, the power flowing out of substructure i at the discrete frequency ω through a specific interface with substructure l can be described with the traction force vector t i and the corresponding velocity vector on the interface v
where α il is a matrix mapping the total interface DOF of substructure i to the interface DOF between substructure i and l. From component equations of motion, the traction force vector t i can be formulated in terms of v
where
where z C i is the impedance matrix of substructure i associated with constraint modes, and z N i the impedance matrix of substructure i associated with component normal modes. The term, Re v (8) can be estimated using Eq. (9) Re v
which is a diagonal matrix with only 0 and 1 in its diagonal elements. Furthermore, the computational efficiency can be achieved by projecting t i and v C i onto CC modes. The right-hand side of Eq. (12) is now expressed in terms of CC-mode velocities, v CC , in place of the constraint-mode velocities,
Equation (13) can be evaluated by solving CC-mode velocities, v CC , from Eq. (5), in which v CC can be explicitly expressed as
Finally, the power flow can be expressed in the CC-mode coordinates of substructure i as
C. Probabilistic Power Flow Analysis
For the probabilistic power flow analysis, a performance function given in Eq. (17) is utilized in this paper. Given the joint probability density function (PDF) f x (x) of random variables x, the probability of the power flow can be expressed as
It is a fundamental but difficult problem in probabilistic structural analysis to compute Eq. (18) . With an implicit performance function, the multi-dimensional numerical integration can be extremely time-consuming. To evaluate Eq. (18) efficiently, probabilistic methods can be employed. In some cases, for more efficiency, a simplified mathematical model of g(x; ω) over an uncertainty space, such as a response surface method or a perturbation method, can also be utilized along with a probabilistic analysis method as shown in Fig. 1 . In this paper, the use of a simplified mathematical model, which is integrated with a Monte Carlo simulation (MCS), will be examined. In order to study the effect of parametric uncertainties, the component-based approach and reduced-order modeling technique described in the previous section are utilized. First, the uncertainties or design variables of interest are chosen and the system is substructured such that a parametric uncertainty can affect a whole substructure. Thus, fixed-interface normal modes for a nominal component can be used to capture the effects of parametric uncertainties. With a vector of random variables, x = (x 1 , x 2 , · · · , x n ), the impedance and force matrices in ROM coordinates can be approximated over an uncertainty space as
In addition to Z ROM and f ROM , the constraint modes Φ C i required for calculating the forced response can also be approximated as
Then, with the approximations of Eq. (19), v ROM is obtained directly from
In this manner, the power flow or forced response can also be approximated over an uncertainty space, and a Monte Carlo simulation (MCS) can be performed efficiently. This is referred to as a nominal-ROM-based MCS method.
B. Example Model 1: Reinforced L-shaped Plate
To illustrate the application of the first-order approximation of the full ROM system, the reinforced L-shaped plate shown in Fig. 2 is used as an example. The system has free boundary conditions on all sides. The three component plates are referred to as plate 1, plate 2, and plate 3. The dimensions of the plates are 0.55 m × 1.6 m for plate 1, 0.47 m × 1.6 m for plate 2, and 0.55 m × 0.47 m for plate 3. The material properties are Young's modulus E = 200 GPa, Poisson's ratio ν = 0.3, density ρ = 7827 kg/m 3 , and thickness t = 10.16 mm. A finite element model of this plate was constructed using NASTRAN quadrilateral plate elements, and the mesh is shown in Fig. 2 . The FE model has 4,752 DOF. The excitation for this example system is applied at two end points of plate 2 at its free edge, as illustrated in Fig. 2 . The applied forces are sinusoidal, and their phases are determined randomly. A case of uncertainty is considered for the reinforced L-shaped plate. The case is that of two uncertain parameters, the thicknesses of plates 1 and 2, which have uniform distributions ranging from −10% to +10% about the nominal value. More specifically, the net vibration power flowing into plate 1 at 522.6 Hz is of interest. At this frequency, the response surface is constructed with the exact ROMs at 41 × 41 sampling points chosen to have equal interval over an uncertainty space, as shown in Fig. 3 , in order to illustrate the complexity of the response surface. Thus, due to the complexity of the peaks shown in Fig. 3 , it may not be efficient or accurate to construct the response surface with a few sampling points, and it is likely that such a response surface would not capture the vibration response peaks over an uncertainty space. Furthermore, the probabilistic analysis methods based on a limit-state surface-such as the advanced mean value (AMV) method, 13 the hybrid mean value (HMV) method, 15 or the sequential MPP search method 16 -are not well suited to handle this case. Therefore, Monte Carlo simulation (MCS) based on a first-order approximation of the full ROM system is proposed as an efficient method for probabilistic vibration analysis. Figure 4 shows the CDF from the MCS with 2,000 exact ROMs, as well as from the MCS with 2,000 first-order approximations of full ROMs. Excellent agreement is seen for the CDF result. To show the efficiency of the first-order approximation of full ROM system, the CPU times are also compared in Table 1 . For this case, it is clearly more efficient to utilize the first-order approximations of the full ROM system. 
IV. Method 2: Mode-Based MCS
The approach described in the preceding section can alleviate the costs associated with constructing Z ROM and f ROM from the mass and stiffness matrices in FE coordinates. However, when the size of ROM is large, the computational cost for (Z ROM o + δZ ROM ) −1 in Eq. (21) becomes more expensive. Therefore, an alternative first-order approximation approach is proposed in this section.
A. First-Order Approximation of Diagonalized ROM System
In order to obtain the first-order approximation of the diagonalized ROM about a key selected sampling point, or center point, in the parameter space, an eigenanalysis can be performed
where K ROM and M ROM are stiffness and mass matrices for the ROM at the center point, and Λ is a diagonal matrix of the free vibration natural frequencies of the whole complex structure. Then, the eigenmatrix Γ can be partitioned as
and the equations of motion of the ROM can be diagonalized:
and
The matrices ofM andK are diagonalized by the projection onto the global modes of the ROM, and the impedance matrixZ can be expressed withM andK as
Assume that the global mode shapes are approximately the same over some subdomain of the parameter space, or uncertainty range, around each center point. Then, the key process is to identify each center point and the corresponding uncertainty range. This approach is composed of six steps, which are summarized as follows:
STEP 1: A set S having reference sampling points x r is defined such that reference sampling points have uniform distribution over an uncertainty range of interest, as shown in Fig. 5 . An initial center point is set to be x i=0 c = 0, where i is the iteration number. In order to start the search for the center points in an iterative manner, the global modes at the origin are assumed to be approximately the same over the uncertainty space in STEP 1. STEP 2: At the initial center point, x i=0 c = 0, which is the origin of the uncertainty space, the first-order approximation of the diagonalized ROM is made as follows
In order to apply the finite difference method, the Z ROM matrices are constructed at the perturbed points as well as at the center point, and the diagonal terms of the perturbed Z ROM matrices are obtained with the global modes at the center point x i=0 c = 0. (31), where α is specified as 7.5%. In addition, the newly identified center points from each S i=1 m , using Eq. (32), are marked with stars. As shown in this example case, there can be a few center points over the uncertainty space, rather than just one. 
such that its solution x r is an updated center x i+1 c,m . For example, in Fig. 7 , two hyperplanes are shown over the uncertainty range of interest through the first-order approximation constructed at the center point (9.64, 7.02) at the iteration i = 1. The dark hyperplane is identified to be the closest to the center (9.64, 7.02), so the dark hyperplane and its subset S i+1 m are kept in Fig. 7 . However, the light hyperplane shown in Fig. 7 is discarded. Furthermore, with Eqs. (34)-(35), the center point is updated and marked with a star in Fig. 7 . Likewise, the other subset and center point are also updated in Fig. 8 .
Steps 4 and 5 are repeated, until convergence is achieved for the vibration response at a center point x i c,m . STEP 6: With the identified center points and the corresponding hyperplanes, the sampling points for the Monte Carlo simulation (MCS), which are generated using appropriate distributions for the uncertainties, can be grouped to be close to each hyperplane identified in STEP 5. Thus, with the different first-order approximations constructed at each center point, the MCS can be performed. For example, in Fig. 9 , the MCS sampling points are grouped into two subsets based on the distances from the identified dark hyperplanes in Figs. 7-8 . Then, the MCS is performed with two first-order approximations of the diagonalized ROM, which are constructed at two different center points.
A Monte Carlo simulation (MCS) employing the procedures described in STEPs 1-6 is called a modebased MCS in this paper. This process yields the statistical properties of the vibration response, such as a probability distribution of the response. When it is desired to predict only the upper bound of the vibration response, some procedures of the mode-based MCS, more specifically STEPs 1-5, can provide the approximate upper bound without the MCS results, which is called an iterative maximum search method. It should also be noted that the accuracy of the mode-based MCS increases when the uncertainty space has fewer component-mode interactions. The finite element (FE) model of the stiffened plate considered in this second example is shown in Fig. 10 . It is composed of 29,664 DOF. Since the reduced-order modeling technique used here is component-based, the structure is divided into a set of substructures, which are also called component structures. The dimension of the stiffened plate is 1.20 m × 0.91 m in Fig. 10 . The FE model is partitioned into six substructures, as shown in Fig. 11 . The material properties for all substructures are Young's modulus E = 200 GPa, Poisson's ratio ν = 0.28, density ρ = 7840 kg/m 3 , and thickness t = 2.5 mm. The effects of uncertain properties of the stiffeners are considered. In particular, the thickness and Young's modulus are taken to be random variables, and two different cases are investigated.
In the first case, two random variables are considered: one for the thickness of the four stiffeners, and one for Young's modulus of the four stiffeners. They are assumed to have ±10% variation about the nominal values, with two independent, uniform probability density functions. Figures 5-9 show the processes of identification of the center points at the frequency of 228.79 Hz. Table 2 shows the comparison of the CPU times. It is seen that the proposed mode-based MCS method is highly efficient. Figure 12 shows the iteration step at each center point, as well as the response surface constructed with 41 × 41 sampling points, which have equal interval. The center points at each iteration step and the power flow at the corresponding points are summarized in Table 3 for the stiffened plate with 2 uncertainties. Thus, the approximate maximum value over an uncertainty space at 228.79 Hz is 3.25 (N.mm/s) from the Table 3 . This is the result of the iterative maximum search, which is the sub-procedure of the mode-based MCS. Figure 13 depicts the cumulative Figure 14 shows the comparison of the CDF from the MCS with 2,000 exact ROMs and the MCS with 2,000 first-order approximations of diagonalized ROMs at the nominal point, not at the center points identified in an iterative manner as in the mode-based MCS method. With this comparison, the first-order approximation of the diagonalized ROM is Figure 13 . The cumulative probability from MCS using exact ROMs and MCS using first-order approximations of the diagonalized ROMs at the identified center points (mode-based MCS) Figure 14 . The cumulative probability from MCS using exact ROMs and MCS using a first-order approximation of the diagonalized ROM at a nominal point rather than at the center points Figure 15 . The upper bound of the power flow from MCS using exact ROMs and subprocedure of the mode-based MCS (iterative maximum search procedure) Figure 16 . The cumulative probability from MCS using exact ROMs and enhanced mode-based MCS (mode-based MCS with 4,700 realizations and standard MCS with 300 realizations) more sensitive to the point about which the ROM system is perturbed and approximated. Therefore, the identification of the center points is crucial to the performance of the mode-based MCS method. Figure 15 shows the upper bound from the MCS with exact ROMs, as well as from the iterative maximum search method, which is a sub-procedure of the mode-based MCS.
In the second case for the stiffened plate, eight random variables are considered: the thickness and Young's modulus of 4 stiffeners are assumed to be independent uncertainties. They are also assumed to have ±10% variation about the nominal values, with eight independent, uniform probability density functions. In this case, the mode-based MCS is shown to be enhanced with a few standard MCS realizations in the subsets S i+1 m to achieve more accuracy in the range of the high percentile vibration response. Figure 16 shows the comparison of CDF results from the MCS with exact ROMs and the mode-based MCS enhanced with some standard MCS realizations. In this case, 4,700 realizations were performed with mode-based MCS and 300 realizations were performed with the standard MCS.
V. Conclusions
In this paper, component-mode-based implementations of Monte Carlo simulation (MCS) were presented. First, a previously developed substructuring technique was employed to generate reduced-order models (ROMs) in terms of component modes, and vibration power flow among the components was considered. Then, for performing probabilistic vibration analysis of structures with parameter uncertainties, MCS with two approximations of the ROM were examined: (1) MCS with a first-order approximation of the full ROM, and (2) MCS with first-order approximations of the diagonalized ROMs at the identified center points of the uncertainty range.
For the first MCS approach, called the nominal-ROM-based MCS method, the structure is partitioned into components such that each parameter uncertainty (or design variable) of interest can be expressed as a perturbation of component-level matrices. By doing so, this method can be applied even for the case where complicated component-mode interactions occur over an uncertainty space, and it provides more accurate predictions of the probability distribution of the vibration response or power flow. As a numerical example, a reinforced L-shaped plate with two parameter uncertainties was considered, and it was shown that the statistical properties were well predicted.
When there are fewer component-mode interactions over an uncertainty space, the second MCS approach, called a mode-based MCS method, can achieve greater efficiency. In this method, first-order diagonalized ROMs are constructed at the identified center points, and statistical properties such as the CDF can be predicted. In addition, an iterative maximum search procedure can be used to provide a rough approximation of the maximum response. This second MCS approach was applied to a stiffened plate structure, and the efficiency of the method was illustrated. It was also shown that the mode-based MCS method could be enhanced with additional standard MCS realizations for the sampling points in the subsets S i+1 m in order to obtain accurate predictions of high-percentile vibration response for the stiffened plate with eight uncertainties.
Overall, the first MCS approach is more general and has a wider range of application. However, when the component-mode interactions are not very complicated, the second MCS approach can be used to perform probabilistic vibration analysis with greater efficiency.
